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Abstract: We study the Hamiltonian index of 116 -BPS operators in 4d N = 4 U(N)
super Yang-Mills (SYM) theory numerically for N = 2 , . . . , 10. We show that the large-
charge asymptotics agree with analytic results in the Cardy-like limit, as consistent with
the entropy of supersymmetric black hole in the dual AdS. The numerics also agree with the
large-N analytic result, thus providing hints towards an exact formula for the index. We
then prove, using ideas from representation theory, that for values of charges (quantized in
integer units) less than 2(N + 1) the index agrees precisely with the multi-graviton index,
and then begins to deviate for larger charges. Thus the U(N) SYM index interpolates
between multi-graviton values at small charge and black hole growth at large charges.
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1 Introduction and summary
This note discusses a certain counting problem regarding 116 -BPS operators in N = 4 U(N)
SYM theory, that is to say, operators annihilated by one supercharge Q of the theory and
its Hermitian conjugate. Upon considering the theory on S3 × Rt and performing radial
quantization, the problem can be recast as one regarding 116 -BPS states in the theory,
and we will henceforth use these two ideas interchangeably. The problem is to verify if
there is a gravitational interpretation for these BPS states consistent with the AdS/CFT
correspondence. In particular, one expects that at small values of charges the number of
BPS states should equal that of an ensemble of supergravitons, while at large charges the
statistical entropy of the ensemble of BPS states should agree with the thermodynamic
entropy of 116 -BPS black holes in the dual AdS5× S5 theory. This problem was originally
formulated and discussed in [1–3], and has led to a lot of interesting work since then. The
conclusion of this note is that the N = 4 SYM index indeed exhibits the behavior expected
from AdS/CFT in both limits, and interpolates between them as a function of charge.
The context of the counting problem is as follows. The gravitational theory has a
scale set by the radius of the asymptotic AdS5 in five-dimensional Planck units, which
corresponds to a power of the rank N of the gauge group. The BPS black hole solution is
then specified by four independent charges—three R-charges labelling the representations
of SU(4)R and two angular momenta on S
3, constrained by one relation. In theN = 4 SYM
theory, 116 -BPS states are labelled by the charges that commute with Q, these are the two
angular momenta and two of the three R-charges.1 The essential part of the problem can be
formulated in any N = 1 SCFT with a gravity dual, where one has a single R-charge Q and
the two angular momenta. In fact, in the simplest (and first to be discovered) BPS black
hole solution [6], only one combination J of the two angular momenta is non-zero. This
is the simplest setting within which one can study the basic problem of microscopic black
hole entropy. In this setting, the supercharge Q can be chosen such that the combination
1The non-linear relation between the five charges in the gravitational theory is not directly visible in the
SYM theory, and this is part of what makes this problem subtle. Unravelling this issue was an important
part of the recent progress [4, 5].
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of charges that commutes with it is 2J +Q. The quantization condition on J is universal,
while the quantization of Q depends on the theory under consideration. For N = 4 SYM
written in this N = 1 language the quantity n = 3(2J +Q) is a positive integer, this is the
situation we discuss in this note.
The phrase “large/exponential growth of states”, which is often used in this context,
deserves a small discussion. As just explained, the counting problem has two scales—the
rank N and the charge n. The regime of validity of the black hole solution is N →∞ (clas-
sical gravity theory), and j ≡ n/N2 non-zero (large horizon area2). The thermodynamic
entropy of these black holes in supergravity is given by
SBH ≡ 1
4
AH = N
2 s(j) , (1.1)
where s(j), a function which we discuss in some detail below, behaves as follows,
s(j) −→ a2 j2/3 as j →∞ . (1.2)
The real number a2 is independent of N and n (for N = 4 SYM a2 = pi2·31/6 ). Here the
arrow denotes an asymptotic limit, the difference between the left-hand side and right-
hand sides of (1.2) is O(j1/3). The expectation of the exponential growth of states is the
question of whether the logarithm of the indexed number of microscopic states reproduces
the behavior (1.2) for large charges. More precisely, consider the superconformal index3
dN (n) defined as the trace of (−1)F over the subspace of the Hilbert space with charge n
in the U(N) theory. We want to address whether its asymptotic behavior agrees with the
thermodynamic entropy of the black hole, i.e.,
log dN (n)
?−→ N2 s(n/N2) as N →∞ , j = n
N2
fixed. (1.3)
The asymptotic limit in this expression is the large-N limit relevant to our problem.
Recent work [4, 5, 7–19] has shown that the answer to the question posed in (1.3) is yes.
There have been essentially three different approaches, all of which begin by considering
the index function4
IN (x) = TrHphys (−1)F e−β{Q,Q¯} xn =
∑
n
dN (n) x
n , (1.4)
to which only Q-invariant states contribute and which is therefore independent of β. This
index function can be calculated as an integral over N ×N unitary matrices [20], [3],
IN (x) =
∫
DU exp
( ∞∑
j=1
1
j
is(x
j) TrU j Tr (U †)j
)
, (1.5)
2The full non-BPS spectrum of the gravitational theory also contains the so-called “small” BH, which
is really a ten-dimensional meta-stable solution. We do not have any comments to make about this here.
3The generating function I(x) = ∑ d(n) xn is also often called the superconformal index. To avoid
confusion, we call I(x) the index function.
4Here the variable x is related to q = e2piiτ defined in [17] as q = x3.
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where is(x) is the index trace as in (1.4) but taken over all single “letters” of the gauge
theory. The new approaches to this problem involve new techniques to calculate IN (x),
or to estimate its behavior as |x| → 1. Having obtained this, one can then invert the
relation (1.4) to obtain dN (n) using a saddle-point analysis, which is valid as n→∞. Two
of these approaches—the Bethe ansatz approach [9] and the direct saddle-point analysis of
the matrix integral [17]—directly address the large-N limit. In both these approaches, the
supersymmetric index is governed by certain special functions—the elliptic gamma func-
tion [21, 22] and the Bloch-Wigner elliptic dilogarithm [23], respectively—whose properties
help us calculate the asymptotics of the corresponding degeneracy of black holes in AdS.
The third approach [7, 10–14] addresses a slightly different problem, namely the growth
of d(n) as n→∞ at fixed N , or, equivalently, j →∞ at finite N , which is called the Cardy-
like limit. This limit corresponds to a black hole whose horizon radius is very large in AdS
units or, more pictorially, “fills up AdS space”. One can then take N → ∞ to obtain
classical gravity in AdS space. The results of these three approaches are consistent with
each other in overlapping regimes of validity.
In this note we study the matrix integral (1.5) numerically for finite values of N .
Instead of relying on properties of special functions as in the analytic approaches, we want
to gain an understanding from the point of view of the Hamiltonian trace. There are two
aims of this study. Firstly we want to verify the recently-obtained analytic results quoted
above and thus compare the numerical values of the microscopic index dN (n) to the black
hole entropy. Secondly we want to understand the nature of dN (n) as a function of n,
and clarify some older discussion about the Q-cohomology of N = 4 SYM, in particular
the relation to the so-called “graviton partition function” [3, 24, 25]. Now, what do the
above-mentioned limits mean on a computer? For the Cardy-like limit we fix N , and study
the growth of dN (n) as n becomes large. In order to treat the large-N limit, we fix j to be
some small finite number, then count the index of states with n = jN2 for a given N , and
finally take a limit where we increase N and n simultaneously to large values.
In Section 3 we report on numerics for N = 2, . . . , 10. The numerics show agreement
with the analytic results in the Cardy-like limit.5. In fact they serve to illustrate one further
point of detail which is worth emphasizing . The results of [12, 13] show that the answer
for the entropy in the Cardy-like limit for finite N agrees exactly with the supergravity
calculation, including the full function s(j) and the N2 dependence as in (1.1), (1.2). A
priori, this need not have been the case—one could have had a functional dependence
on N which only reached N2 asymptotically as N → ∞ for finite charge. Indeed, our
experiments with low values of N not only reflect the n3/2 + . . . behavior but in fact show
beautiful agreement with the full function (1.1), (3.3), including (surprisingly) at fairly
small values of charges and N . Perhaps this agreement is pointing towards a simple exact
quantum entropy formula at finite N and finite charges.
Our numerical results become more interesting when one contrasts the behavior of dN (n)
at small n with that at large n. First we discuss large n. Consider the Hamiltonian interpre-
5Some numerical results for this problem showing agreement with the Cardy limit were reported in [8, 26].
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tation of the integral (1.5). The k = 1 term inside the exponential is the single-letter trace
index, the sum over n and the exponential operation lift this counting to the full multi-trace
spectrum, and the integral over U implements the projection to gauge-invariant states. It is
not difficult to show that the exponential of the single-letter expression (the k = 1 term) by
itself gives a n2/3 charge dependence. This alone, however, can not reproduce the required
scaling in N because the adjoint character TrU TrU † projected to gauge invariant states
vanishes for SU(N) and gives a single state for U(N). The interpretation of the large-N
analytic results combined with the Cardy-like asymptotics mentioned above is that, for
finite N and large charge n, roughly N2/3 degrees of freedom of the matrix get deconfined
so that, combined with the n2/3 = N4/3j2/3 Cardy-like scaling, we obtain the N2 behav-
ior in (1.3). The numerical and analytical agreement with the full supergravity entropy
function explained in the previous paragraph are consistent with this.
In Section 4 we look at the other regime n N . Here one has complete control over
the problem from a different point of view, namely global symmetry. It is convenient to
phrase this in the holographic language, but we should keep in mind that one only uses
the global symmetry of supergravity on AdS5× S5 or, equivalently, that of N = 4 SYM.
In this regime, using the fact that one can ignore all trace relations among matrices, it
was shown in [25] (based on earlier work in [24, 27]) how to construct the complete set of
gauge-invariant operators of the SYM theory and, further, that this agrees exactly with
the set of multi-graviton states in the gravitational theory. The notable point about multi-
gravitons is that they do not depend on the rank N at all, and only on the charge n.
From our current point of view, we want to explain this from the matrix integral (1.5) for
low-lying states. We present an argument based on representation theory that explains
that the low lying values of the index correspond precisely to the index of multi-gravitons
for 12n < N + 1. The index dN (n) thus interpolates, in the range n = 2(N + 1), . . . jN
2,
from the graviton behavior to the exponential black hole behavior.
2 The index at infinite N and at finite N
In this section we first review the puzzle of the 116 -BPS states, then we review some of the
old results about the index at infinite N and the relation to the multi-graviton states, then
we review the Hamiltonian interpretation of the index at finite N as a matrix integral.
Firstly, why is the index expected to have an exponential growth of states equal to
that of a black hole? The answer of course comes from AdS/CFT—the index counts a
difference between the number of bosonic and fermionic 116 -BPS states, and so is a lower
bound on the total number of such states in the field theory. On the gravitational side, the
existence of a black hole in the gravitational spectrum of the theory can be interpreted as
there being a number of states equal to the exponential of the entropy of the black hole,
and so the growth of states of the index should reflect that. This line of reasoning, of
course, presumes a Hilbert space interpretation of the quantum gravitation theory on AdS
about which very little is directly known.
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The Euclidean version of the argument is more clear in this respect—the statement
of the AdS/CFT conjecture in this context is that the functional integral of the boundary
SYM theory should be equal to the functional integral of the AdS space with appropriate
boundary conditions. In the field theory one interprets the index trace as a functional
integral as usual. However, it is not clear a priori from this point of view whether the
Euclidean BPS black hole solution in AdS5 contributes to the AdS functional integral, even
at the classical level where the functional integral can be approximated by the exponential
of the on-shell action. The issue is one of regulating the infra-red behavior of the BPS
black hole solution. This problem was addressed in [5] where it was shown, by considering
a supersymmetric deformation of the BPS BH away from extremality, that there is a
regulator consistent with supersymmetry using which the on-shell action equals the BPS
BH entropy in the limit. One thus reaches the statement that the index should grow at
least as fast as the exponential of the BPS BH entropy at large-N .6 7
Next we discuss the issue of loop corrections. It is well-known that the 116 -BPS op-
erators are not protected in the SYM theory because the Hamiltonian is corrected at
one-loop [34]. Thus the Q-cohomology of the 116 -BPS operators (i.e. the set of all such
physical states) can change between the free theory and even very small coupling. As a
consequence, if we count these operators (with all plus signs), the answer at one-loop could
differ drastically from the free theory, It was shown in [27] that this is indeed the case. We
note, however, that the issue of loop corrections in the SYM Hamiltonian is not really rele-
vant for us here, because we will only consider the supersymmetric index which is designed
to be protected [35]. Thus, assuming that there are no states coming in from infinity at
zero coupling, the exponential growth of states should be seen in the index calculated in
the free SYM theory. The complete Q-cohomology at weak coupling was calculated in the
infinite-N limit (i.e., ignoring all trace relations) in [25] following earlier work of [24, 27].
It was shown that the single-trace Q-cohomology is in one-to-one correspondence with the
free graviton BPS states in the dual AdS5, which is indeed a much smaller number than is
expected from the black hole.
It will be useful for us to record the value of the trace (1.4) over the infinite-N Q-
cohomology in SYM/BPS gravitons in AdS. From the AdS point of view this is straight-
forward and involves listing the BPS single-graviton operators [36] and calculating the
index [3]. In this manner one obtains
igrav(x) =
3 x2
1− x2 −
2 x3
1− x3 . (2.1)
From the SYM point of view one obtains the same answer by calculating the index over
gauge-invariant single-trace operators at infinite N . We can check this by specializing the
6There are further possible corrections to this statement coming from (a) quantum corrections to the BH
entropy, (b) the possible existence of other saddles in the AdS functional integral, and (c) the possibility of
wall-crossing when one flows from weak to strong coupling, (see [28–31] for a discussion of these issues in
BHs in asymptotically flat space), none of which we will discuss here.
7It may be possible, along the lines of [32, 33], to make a more precise statement about equality of the
index and the black hole entropy, we will not discuss this here.
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partition function Equation (4.6) of [25] to our index calculation. These operators also
exist at finite N and we call them “graviton operators in the SYM” and we shall use the
notation igrav(x) to refer to their index in the following presentation.
The recent progress in this problem relies on a careful study of the index (1.5). The
Hamiltonian calculation to reach this integral expression is as follows [3, 20]. We use the
language of operators. One first calculates the “single-letter index”, namely the trace (1.4)
taken over all operators made up of the elementary fields of the theory and derivatives. In
this calculation one has to be careful about subtracting the constraints arising from the
equations of motion. The only fields (or constraints) contributing to the index are those
which are annihilated by the supercharge Q. The result of this calculation is
is(x) =
3 x2 − 3 x4 − 2 x3 + 2 x6
(1− x3)2 = 3x
2− 2x3− 3x4 + 6x5− 2x6− 6x7 + 9x8− 2x9 + · · · .
(2.2)
The denominator in this formula, and the consequent infinite series on the right-hand
side, reflects the two independent supersymmetric spacetime derivatives. The single-letter
operators counted by (2.2) are not gauge-invariant and, in order to count physical states,
one needs to project to the gauge-invariant subspace. This is done by integrating over the
gauge group using the Haar measure. In this manner we reach the matrix model (1.5). For
future use we note that the single-letter index can be written as follows,
is(x) = 1− (1− x
2)3
(1− x3)2 . (2.3)
It was implicit in the above discussion that the single graviton operators (single-trace
operators at infinite N) and the single-letter index at finite N are building blocks from
which we calculate multi-graviton and multi-trace indices. This is achieved by the operation
of plethystic exponentiation8 on the building block answers. At infinite N one first projects
on to gauge invariant single-traces at N =∞ as in (2.1), and then exponentiates them to
produce multi-traces. In the full microscopic formula (1.5), in contrast, one first exponen-
tiates the states charged under the gauge group and then projects on to gauge-invariant
states. The two operations do not commute and therefore the two calculations give rise
to different answers. In the next couple of sections we consider the integral (1.5) in the
large-charge and small-charge limits, respectively, and show that it interpolates between
the multi-graviton answer and the black hole answer.
3 Large charge operators form the black hole
In this section we first briefly review the analytic results for the entropy, and then compare
them with numerical results.
In the large-N saddle-point analysis of [17], the integral is first written in a standard
manner as an integral over the N variables ui, where the eigenvalues of the matrix are e
2piiui .
8See [37] for a definition and a nice review of plethystics in related problems.
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The fact that the integrand of (1.5) only contains the adjoint representation implies that
the action of the eigenvalues does not have a single-particle potential and is a pure two-
particle interaction. Thus the solutions are expected to have equally-spaced eigenvalues.
The starting point of [17] was the observation that the saddle-point configurations can have
the eigenvalues spreading out into the complex ui plane.
In order to find saddle-points, one rewrites the integrand of (1.5) in terms of the
Bloch-Wigner elliptic dilogarithm [23] which is doubly periodic in the complex plane with
periods 1 and τ (recall from Footnote 4 that x = e2piiτ/3), and therefore there is a saddle
for every periodic configuration of a string of eigenvalues. Every pair of integers (m,n)
with gcd(m,n) = 1 gives rise to an independent saddle, which is interpreted as the string of
eigenvalues with winding numbers (m,n) around the two cycles of the torus C/(Z τ + Z).
The effective action Seff(τ) at each saddle can be calculated very simply using the double-
Fourier expansion of the Bloch-Wigner elliptic dilogarithm [38]. Comparing the various
saddles gives the phase structure of the theory as a function of τ . The black hole corre-
sponds to the saddle (1, 0), and dominates the phase diagram near τ → 0. Up to a τ -
independent imaginary term which is not relevant for us here, it has the following effective
action [17],
Seff(1, 0; τ) =
piiN2 (2τ + 1)3
27 τ2
, (3.1)
which agrees on the nose with the supergravity calculation of the regularized on-shell action
of the AdS5 BH [5]. The semiclassical (large-N) entropy of the BH is given by the real
part of the Legendre transform of this effective action9 (with j = n/N2),
SBH = Re
∫
dτ exp
(
N2 E(τ)) , E(τ) = −2pii τ
3
j − pii (2τ + 1)
3
27 τ2
. (3.2)
Denoting by τ∗ = τ∗(j) the solution of the extremization equation i.e. E ′(τ∗) = 0, we obtain,
at leading order in the large-N saddle-point expansion,
SBH(N,n) = N
2 s(n/N2) , s(j) = Re E(τ∗(j)) . (3.3)
Since E ′ is a cubic polynomial in 1/τ , the solution τ∗ can be found in radicals. The
asymptotic expression (1.2) is obtained by further expanding in large j.
The microscopic index dN (n), for fixed N , is found by inverting (1.4). The Cardy-like
limit n→∞ is dominated by the τ → 0 behavior of the index function IN . This limit has
been calculated in two ways—by extending the elliptic deformation method to finite N in
[[17], §4.5], as well as by using an estimate for the Cardy-like limit of the elliptic gamma
function [39]. , one finds that
log IN (τ → 0) = −Seff(1, 0; τ → 0) = −piiN
2
27
( 1
τ2
+
6
τ
)
+O(1) , (3.4)
implying that there are no 1/N corrections to the large-N answer (3.2) in the Cardy-like
limit. The asymptotics of log |dN (n)| as n → ∞ is given by the real part of the Legendre
9The entropy function E(τ, n) differs from the one presented in [[17], §4.2] by a τ -independent imaginary
term which does not affect the final entropy. We have also factored out an overall factor of N2.
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transform of the expression (3.4). One point worth noting here is that the behavior of the
effective action in the Cardy-like limit τ → 0 goes as 1/τ2—and not 1/τ as for classical
modular forms transforming under SL2(Z). There does seem to be a symmetry underlying
the index, but it is more subtle than ordinary modular symmetry, the effective action is a
period function rather than a modular form [17].
In Figure 1 we present the comparison between the microscopic integers log |dN (n)|
and the expression (3.2) for the BH entropy for N = 2, 3, 4, 10. There are many points to
note here. Firstly we find agreement as n → ∞, as expected from the above discussion.
For small charges, until 2N , the microscopic degeneracies deviate from the BH curve. As
explained analytically in Section 4, they follow the graviton curve for these small charges.
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Figure 1: The comparison between the microscopic entropy log |dN (n)| and the BH en-
tropy SBH(N,n) for N = 2, 3, 4, 10. The plot for N = 10 is zoomed in slightly, and clearly shows
the initial deviation from the BH curve. The microscopic data for N = 2, 3, 4 are computed di-
rectly using the gamma function representation. The time taken to calculate dN increases rapidly
with N—after initialization, and putting a cutoff at n = 100, it took 5 ms for N = 2 and 26 min
for N = 4. (All these calculations were performed using PARI/GP [40] on a MacBookPro 2017.)
For higher values of N we use the formula (4.12). In this method, the computational bottleneck is
to produce the characters of the permutation group Sd, which leads to the charge cutoff n ≤ 2d.
The time taken to calculate the character tables from d=1 to 20 was 4 seconds while the final case
dealt with here, namely d = 35 alone took 20 hours. (All the character tables were computed using
GAP [41].) Having obtained the characters, calculating the coefficients dN is quite fast, e.g. the
case N = 10, n ≤ 70 took 14 min using PARI/GP.
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graviton gas
N=2N=3
N=4
N=10
20000 40000 60000 80000 100000
n
2000
4000
6000
8000
10000
12000
S
Figure 2: The gravitational black hole entropy SBH = N
2s(j) = a2(Nn)
2/3 + O(n1/3) for N =
2, 3, . . . , 10 and the logarithm of the index of the graviton gas (dashed line).
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n
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1500
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2500
S/N2/3
2×109 4×109 6×109 8×109 1×1010n
1×106
2×106
3×106
4×106
5×106
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S/N2/3
Figure 3: The blue (solid) lines are SBH(N,n)/N
2/3 as a function of n (left: N = 2, . . . 10, right:
N = 2, . . . 100). The brown (dashed) lines are log dgrav(n)/N
2/3, as a function of n. The blue lines
converge to the uppermost line as N → ∞ and the brown lines converge to zero as N → ∞. The
convergence is seen more clearly for larger N on the right.
After charge 2N , the degeneracies latch on to the BH curve very soon (within O(N)),
and exhibit regular bumps of size N , which would be interesting to explain. (The bumps
are smoothed out in the analytic formulas plotted in Figure 2.) In particular, the good
agreement of the microscopics with the BH for small j = n/N2 and small N is remark-
able. It is not a consequence of any known controllable analytic formula, and suggests
that the O(1) correction to the Cardy-like limit in (3.4) is given exactly by the large-N
results (3.2), while a priori one could have added any other function of τ that vanishes
as τ → 0. We caution the reader that our numerics are not precise enough to declare such
a conclusion, but they do prompt the conjecture that the simple expression (3.2) essentially
governs the perturbative entropy even at finite N .
4 Small charge operators are gravitons
In this section we turn to small n and compare the values of the index of gauge-invariant
operators in SYM with the index in the Hilbert space of multi-graviton operators.
The index function of multi-graviton states is, by definition, the plethystic exponential
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of the single-graviton index igrav, given in (2.1),
Imulti-grav(x) =
∑
n
dgrav(n) x
n := exp
( ∞∑
k=1
1
k
igrav(x
k)
)
=
∞∏
n=1
(1− x3n)2
(1− x2n)3 =
η(τ)2
η(2τ3 )
3
.
(4.1)
We see from this expression that the multi-graviton index is equivalent to a gas of three real
bosonic oscillators of frequencies 2n and one complex fermionic oscillator of frequencies 3n,
n = 1, 2, . . . . Using the standard modular properties of the Dedekind η function to estimate
the growth of states, we obtain
log dgrav(n)
n→∞−→ pi
3
√
5n , (4.2)
which is equivalent to an effective central charge of 56 . In Figures 2, 3 we show the growth
of log dgrav(n) in comparison to the BH entropy.
We now discuss the gauge theory index over the whole range of charges. The pat-
tern is as follows. For 12n < N + 1 the gauge theory index dN and the multi-graviton
index dgrav agree exactly, as illustrated in Table 2, and as we prove below. As we increase
the charge n, dN falls behind for a small interval before picking up and dominating dgrav(n)
at large n, as shown in Figure 4. For very large charges, dN agrees with the BH partition
function as discussed in the previous section. It seems to be important for these obser-
vations at small charges that we are considering U(N) and not SU(N).10 Indeed, the
projection onto the gauge-invariant subspace of the k = 1 term in the exponential in (1.5)
for SU(N) theories is empty.
▲ log|d2(n)| ◼ log|d3(n)|  log|d4(n)| ◆ log|dgrav(n)|
▲▲▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲▲▲▲▲
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Figure 4: Microscopic data of dN (n) for N = 2, 3, 4, and of dgrav.
We recall from (1.4), (1.5) that the gauge theory index is
IN (x) =
∑
n
dN (n) x
n =
∫
DU exp
( ∞∑
j=1
1
j
is(x
j) TrU j Tr (U †)j
)
. (4.3)
Using the relation (2.3), we write the multi-graviton index (4.1) as
Imulti-grav(x) =
∑
n
dgrav(n) x
n =
∞∏
k=1
1
1− is(xk) . (4.4)
10That AdS5/CFT4 should be formulated in terms of U(N) has been argued for previously in [42, 43].
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Our goal now is to prove that dN (n) agrees with dgrav(n) when n ≤ 2N + 1. Expanding
both the expressions (4.3), (4.4) in terms of products of is(x
k) over different k, and recalling
from (2.2) that the index is(x) starts with the power x
2 we see that this agreement is
equivalent to the following assertion,∫
DU
m∏
j=1
1
kj ! jkj
(
TrU j TrU †j
)kj = 1 , m∑
j=1
j kj ≤ N , (4.5)
which we now prove using some basic concepts from representation theory of U(N). The
ideas below have appeared in closely related contexts in [44, 45].
n 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
d2 3 -2 9 -6 11 -6 9 14 -21 36 -17 -18 114 -194 258 -168
d3 3 -2 9 -6 21 -18 33 -22 36 6 -19 90 -99 138 -9 -210
d4 3 -2 9 -6 21 -18 48 -42 78 -66 107 -36 30 114 -165 390
d5 3 -2 9 -6 21 -18 48 -42 99 -96 172 -156 252 -160 195 48
d6 3 -2 9 -6 21 -18 48 -42 99 -96 200 -198 345 -340 540 -426
dgrav 3 -2 9 -6 21 -18 48 -42 99 -96 200 -198 381 -396 711 -750
Table 1: The U(N) SYM index dN (n) equals dgrav(n) for
1
2n < N + 1, and then starts to differ.
More data is shown in Table 2.
The basic idea is to expand the traces of powers of the gauge field in terms of the U(N)
group characters, which is precisely the content of the Frobenius character formula [46, 47].
Recall that the representations of U(n) and those of the symmetric group Sn are both
labelled by partitions λ of n. We denote the corresponding characters as χ˜λ and χ
λ,
respectively. Now note that the gauge theory operator in (4.5) is uniquely associated with
a cycle shape P through the following bijection,
P ≡
m∏
j=1
(j)kj ←→
m∏
j=1
(
TrU j
)kj ≡ OP . (4.6)
We can think of P as a partition, with length `(P ) =
∑m
j=1 jkj , that labels a conjugacy
class in S`(P ). The Frobenius formula for U(N) states that
OP =
∑
λ ` `(P )
`(λ)≤N
χ˜λ(U)χ
λ(P ) , (4.7)
the notation λ ` d denoting partitions λ of d, and `(λ) denoting the length or the number
of parts of λ as above, so that the sum runs over all partitions of d with at most N parts.
Using the formula (4.7) for OP and using the first orthogonality relation of the group
characters of U(N), i.e., ∫
DU χ˜λ(U) χ˜λ′(U
†) = δλλ′ , (4.8)
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we obtain ∫
DU OP O†P =
∑
λ ` `(P )
`(λ)≤N
χλ(P ) χλ(P ) =
∑
λ ` `(P )
`(λ)≤N
χλ(P )2 . (4.9)
Here the second equality is a consequence of the fact that the characters of the symmetric
group are actually rational numbers.
When `(P ) ≤ N , any partition of `(P ) cannot have more than N parts. In this case
the sum on the right-hand side runs over all partitions of `(P ), and we can use the second
orthogonality relation of the characters of Sd, i.e.,∑
λ ` `(P )
χλ(P ) χλ(P ) =
|S`(P )|
|P | , (4.10)
where |Sd| = d! is the order of the symmetric group Sd and |P | is the size of the conjugacy
class P . Finally, we have the dimension formulas for the size of the conjugacy class,
|P | = |S`(P )|
zP
, zP =
m∏
j=1
kj ! j
kj , (4.11)
which can be obtained by counting the size of the centralizer of P in S`(P ). Upon putting
these equations together, we obtain the assertion (4.5). It is important that `(P ) ≤ N in the
above argument, which guarantees that the power of x being compared is less than 2N +1.
As long as this holds, the coefficient dN is independent of N and agrees with dgrav—which
is manifestly independent of N .
In fact the Frobenius relation can also be used to write down an explicit formula for
the index (4.3). Upon expanding the exponential in (4.3) and using the formula (4.9) we
obtain
IN (x) =
∫
DU
∑
P
1
zP
is(x
j)P OP O†P
=
∑
P
is(x
j)P
1
zP
∑
λ ` `(P )
`(λ)≤N
χλ(P )2 ,
(4.12)
where the sum over P runs over all partitions, and we have introduced the notation
f(x)P :=
m∏
j=1
f(xj)kj . (4.13)
When N → ∞ at fixed energies, we see from (4.10), (4.11) that the second sum in (4.12)
precisely equals zP so that we have
IN=∞(x) =
∑
P
is(x
j)P = Imulti-grav(x) , (4.14)
as consistent with our observations above. The formula (4.12) can be used to efficiently
produce numerical calculations for the degeneracies dN as shown in the previous section.
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We end with some brief comments. The matrix model that we study captures the
index of 116 -BPS states, which is protected by supersymmetry. It manages to capture the
low growth behavior of supergravitons at low energies and transitions to the exponen-
tial BH growth at high energies. One question of substantial interest to understand the
details of the 116 -BPS operators at large charges. The idea of the sum over random parti-
tions discussed here, and the naturally related free fermions, have been discussed in this
context [48, 49], and it would be interesting to try to push these ideas further.
On a slightly philosophical note, we propose that the equations (4.1), (4.3), (4.4) should
be thought of as a producing a black hole transform of the single-graviton index (2.1). The
input single-graviton index can be calculated using only the global symmetries of the AdS
theory, and the transform dN informs us about large BH solutions. Using the relation
of the single-letter trace to the graviton index, we can also think of this transform as a
holographic relation between the gauge-theory single-letter trace and the black hole.
Another interesting question is if there is a theory on the gravitational side which
directly captures the dynamics of these 116 -BPS states. As a first shot we might imagine
some kind of topological theory, but the appearance of black holes—which we clearly see in
the matrix model here—is not seen in topological versions of AdS/CFT dualities [50, 51],
This should be related to the fact that in this note we look at energies which scale at the
same rate as N2 while usually one takes N →∞ strictly.
Finally, the main mathematical context for the ideas used here to probe the gravi-
ton/BH transition is the Frobenius-Schur duality, which relates the representations of U(N)
and those of the symmetric group. This idea has been used fruitfully in the past to relate
matrix models appearing in gauge theories to string theories [52–54]. It would be interest-
ing to see if it can be used to construct some type of topological theory on AdS5, defined
at finite N , that is dual to states captured by the matrix model studied here.
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n d2 d3 d4 d5 d6 d7 dgrav
14 114 -99 30 252 345 381 381
15 -194 138 114 -160 -340 -396 -396
16 258 -9 -165 195 540 666 711
17 -168 -210 390 48 -426 -678 -750
18 -112 672 -366 -127 564 1059 1278
19 630 -1116 330 612 -234 -960 -1386
20 -1089 1554 276 -783 189 1311 2256
21 1130 -1270 -1212 1258 636 -900 -2472
22 -273 -36 3081 -948 -1026 1017 3879
23 -1632 2898 -4986 450 2262 150 -4320
24 4104 -6705 6924 1921 -2583 -678 6564
25 -5364 10224 -6654 -5430 3438 2910 -7362
26 3426 -9918 2616 11793 -1851 -4050 10890
27 3152 2018 8528 -18812 -794 7012 -12338
28 -13233 16470 -26571 26379 8757 -7272 17820
29 21336 -42918 49800 -27750 -20460 7884 -20286
30 -18319 66906 -67651 17809 40398 -1755 28707
31 -2994 -66006 63096 15648 -63054 -8418 -32886
32 40752 13566 -9678 -78324 88401 32997 45696
33 -76884 106404 -112980 175030 -99388 -68454 -52512
34 78012 -273204 307098 -285576 80856 125910 71811
35 -11808 407442 -522066 366024 4680 -193416 -82848
36 -121384 -364710 634029 -323807 -184576 270875 111678
37 262206 -12024 -436260 38856 494910 -317544 -129096
38 -293145 778272 -296460 624894 -920943 295080 171810
39 91904 -1731542 1682020 -1718016 1392360 -105334 -199080
40 359775 2300499 -3497613 3094992 -1690101 -343179 261900
41 -867906 -1611774 4937946 -4226862 1451568 1189164 -303810
42 1026540 -1093848 -4501122 4098270 -114147 -2486379 395538
43 -404454 5702562 304512 -1210728 -2931498 4198644 -459450
44 -1086312 -10400586 8971113 -5968935 8129358 -5955660 592512
45 2815744 11407626 -22380734 18061488 -15183836 6982824 -688608
46 -3415932 -4086693 34738953 -33152565 22398435 -5795586 880407
47 1436112 -13996782 -35553996 44941584 -25748382 280512 -1023840
48 3403791 38712766 10888602 -41448422 18439724 12204848 1298684
49 -9007578 -56127654 49956294 6241896 8645112 -33852894 -1510380
50 10895604 44316099 -142303191 75761478 -64166661 64922268 1901991
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n d2 d3 d4 dgrav
51 -4420644 16085226 231744000 -2212332
52 -11068260 -122617179 -246464136 2767356
53 28481682 231054624 90402078 -3218130
54 -33440475 -251544720 309123032 4000719
55 11822670 80412606 -917051802 -4651416
56 36950502 324099348 1494916050 5749536
57 -88878842 -844286204 -1558557796 -6681552
58 98770059 1147990887 485393061 8215209
59 -25918986 -767030682 2144544540 -9542592
60 -124747447 -628392075 -5983505013 11675016
61 272655942 2808255348 9333423798 -13552884
62 -279580701 -4642468821 -9004631841 16505106
63 35207790 4223264234 1231871108 -19147932
64 419441625 209141406 15915475365 23218371
65 -818211192 -8584019040 -38937814944 -26916072
66 751976333 17327115906 55770600072 32506014
67 54317328 -19194283332 -46223256036 -37654938
68 -1386833514 6197598675 -10405285128 45302448
69 2387940758 24052600650 118932061824 -52435056
70 -1893048381 -61026825105 -247095009891 62858988
71 -700663056 78594793644 311970699564 -72696096
72 4467470232 -43722790228 -193686936205 86854176
73 -6731222448 -60628872366 -205315072914 -100358298
74 4333120557 205754044713 855723695370 119522262
75 3746183998 -300949636742 -1490314195506 -137985182
76 -13926217512 217767461283 1572823900839 163839240
77 18169226454 129914189388 -458786822988 -188975796
78 -8426843619 -671070962823 -2181976709955 223743597
79 -15799669950 1099745830260 5759182587780 -257837562
80 41774162736 -937888762842 -8289856609587 304447488
81 -46405515308 -191081792160 6601945579040 -350513538
82 10894454985 2135620393074 2245784042823 412811109
83 58624684746 -3884644088484 -18254661918174 -474836256
84 -119915881179 3715774679244 35440988310091 557859048
85 110030518596 -114903322902 -40697268408630 -641078046
Table 2: The growth of the SYM index and its large deviations from the graviton index.
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